It is shown that a unitary translationally invariant field theory in (1 + 1) dimensions satisfying isotropic scale invariance, standard assumptions about the spectrum of states and operators and the requirement that signals propagate with finite velocity possesses Lorentz invariance, and hence the full conformal symmetry.
It is shown that a unitary translationally invariant field theory in (1 + 1) dimensions satisfying isotropic scale invariance, standard assumptions about the spectrum of states and operators and the requirement that signals propagate with finite velocity possesses Lorentz invariance, and hence the full conformal symmetry.
Theories invariant under scaling transformations play an important role in the physics of fundamental interactions, condensed matter physics and statistical mechanics. They appear at the fixed points of the renormalization group (RG) flows which describe the deep ultraviolet and infrared limits of the theory. We focus on the socalled "isotropic" scaling transformations when the time and all space coordinates scale in the same way,
where λ is constant. This is the only possible form of scale invariance in relativistic field theories, where it is also believed to imply the larger conformal symmetry. This assertion has been rigorously proved in the case of 2 space-time dimensions, where the symmetry (1) combined with unitarity and some technical assumptions about the energy-momentum tensor (EMT) indeed leads to conformal invariance [1, 2] . Generalization of this theorem to higher space-time dimensions is a long standing problem, see [3, 4] for recent progress.
A priori, the symmetry (1) can also appear in theories that are not relativistic. However, there is a large amount of theoretical evidence that the RG fixed points characterized by (1) exhibit emergent Lorentz symmetry. This happens in the models of particle physics with broken Lorentz invariance [5] [6] [7] [8] [9] , as well the models of condensed matter systems [10] [11] [12] [13] [14] , where an effective low-energy Lorentz symmetry (not to be confused with the Lorentz invariance of the fundamental forces) emerges from intrinsically non-relativistic Hamiltonians. A partial explanation of this phenomenon is provided in [15] (see also [16] ) where it was shown that in a unitary conformal field theory (CFT) small perturbations away from Lorentz invariance are generically irrelevant implying that conformal fixed points are infrared stable. However, this argument assumes the existence of a Lorentz invariant fixed point in the first place and does not tell anything about the criteria for this to happen.
In this Letter I explore the relation between scale and Lorentz invariance in (1 + 1) dimensions. I will show that the isotropic scale invariance 1 (1) supplemented by assumptions listed below implies that the symmetries of the theory include one or several copies 2 of the full conformal algebra (which, of course, contains the Lorentz boosts). Namely, I am going to prove the following Theorem: Consider a local quantum field theory in (1 + 1) dimensions obeying the symmetry (1). Lorentz invariance is not assumed. Instead, we postulate the following properties:
1.Translation invariance. The theory is invariant under translations in time and space which correspond to local conserved currents. It is convenient to combine these into the EMT 
commute with each other and define the evolution of local operators in time and space.
2.Positivity of energy. The Hilbert space of the theory is spanned by the eigenvectors of H and P x ; the eigenvalues of H are non-negative with H = 0 only for the vacuum.
3.Unitarity. The theory possesses a Hilbert space with positive-definite norm. The EMT is Hermitian.
4.Existence of the dilatation current. The symmetry (1) corresponds to a current D µ which is related to the EMT by [2, 18] 
It is worth to point out the difference from [17] which studies the consequences of chiral scale invariance and thus introduces from the beginning a predefined light-cone structure. 2 An elementary example of the latter situation is provided by a theory of several massless fields -scalar or fermions -propagating with different velocities. 3 The reader should not be confused by the relativistic notations:
though we use the space-time indices µ, ν etc. that take values t, x, we cannot raise or lower them due to the absence of a Lorentz metric. We will sometime combine the time and space coordinates into a single vector ξ µ with ξ t = t, ξ x = x. Summation over repeated indices is assumed unless stated otherwise.
the standard commutation relations with the energy and momentum,
5.Discrete, positive, diagonalizable spectrum of dimensions. The set of all local operators is spanned by operators φ i transforming in the canonical way under dilatations,
where ∆ i ≥ 0 form a discrete set. We also assume that the number of operators of a given dimension ∆ is finite. 6.Finite velocity of signal propagation. All commutators of local operators vanish outside a certain causal cone,
Then the (improved) EMT of the theory decomposes into a sum of local dimension-2 tensors
which are traceless, conserved, have linearly related offdiagonal components and mutually commute:
An immediate consequence of this result is the existence of N conserved currents
generating Lorentz boosts with the "speeds of light" v a . Moreover, T (a) µ ν give rise to N copies of the conformal algebra C a whose generators commute for a = b. Thus the symmetry of the theory is C 1 ⊗ C 2 ⊗ . . . ⊗ C N . In the case N = 1 we obtain a standard chiral CFT, while a parity symmetric CFT corresponds to N = 2, v I now turn to the proof of (5) which consists of 3 steps.
Step 1. Let us make the EMT traceless by an appropriate improvement. The conservation of D µ implies T µ µ + ∂ µ V µ = 0. On the other hand, the EMT can be always supplemented by a total divergence,
where Y A further improvement casts the scaling transformation of the EMT into the canonical form (3) with ∆ = 2. To see this note that the commutation relations (2) imply
where the local tensor A µ ν is such that the integral dξ λ ε λµ A µ ν vanishes for any contour interpolating between the spatial infinities. Then it must have the form A µ ν = ε µλ ∂ λ B ν for some local B ν . The trace-free property of the EMT implies
Now we expand B ν in the complete basis defined in (3),
One notices that operators with dimension ∆ i = 1 cannot appear in this sum. Indeed, expanding the EMT as T µ ν = i γ µ ν,i φ i and substituting into (8) we obtain
Clearly, the l.h.s. does not contain operators of dimension 2. On the other hand, the derivative of a dimension 1 operator would produce a term of dimension 2 on the r.h.s., which would lead to contradiction. Then a redefinition of the form (7) with
brings the commutator of the EMT with D to the desired form. Note that the new EMT remains traceless: substituting (10) into (9) we obtain i ǫ µλ β ν,i ∂ λ φ i = 0. The cancellation must hold within each subspace of operators with a given dimension, which translates into the trace-free property of the improvement term (11).
Step 2. This is the key step in the proof. We will demonstrate the following property of the Fourier transformed EMT:
(12) First, we show that the Fourier components (12) annihilate the vacuum,
Consider the expectation value of the commutator of two identical EMT components (no summation over the repeated indices !),
where the spectral density is defined as usual,
The positivity of energy and scale invariance fix the form of the spectral density, ρ
The conservation and the trace-free property of the EMT yield the relations between the spectral functions corresponding to the different components,
Changing the integration variable in (14) we obtain,
where for clarity we suppressed the indices µ, ν. Then (4) implies thatρ ′′′ (κ) vanishes if |κ| < v −1 max and hencê ρ(κ) is at most quadratic in its argument. Comparing to (16) we conclude that the spectral densities of all EMT components vanish at |k/ω| < v −1 max , implying (13) by unitarity.
To extend Eq. (13) to any state in the Hilbert space let us replace (14) by the expectation value in a thermal ensemble with temperature T (again, no summation over the repeated indices !),
5 This is trivially valid for a (1 + 1)-dimensional relativistic theory where the EMT decomposes into the left-and right-moving parts,
, and hence its Fourier transform is localized on the light-cone.
where the thermal spectral density ρ µ T ν (ω, k) is defined by the relation (15) with the vacuum correlator on the l.h.s. replaced by the thermal average. In a unitary theory it is positive definite and vanishes if and only ifT µ ν (ω, k) = 0. Due to scale invariance the spectral densities entering (18) have the form 6 ρ T (ω, k) = ω 2ρ 1 ω/T, k/ω . The dependence ofρ 1 on the first argument prevents us from explicitly taking the integral over frequency, so we have to take a different route. Let us subtract from the thermal average of the commutator its vacuum value,
where ǫ(ω) is the sign function. In deriving (19) we have rescaled the integration variables and used the standard connection between the thermal spectral densities for positive and negative frequencies,
We want to consider (19) as a function of the variables x and θ ≡ t/x. Due to (4) this function vanishes for |θ| < v −1 max and non-zero x at any T . However, the behavior at x = 0 is subtle: D is a distribution in the two-dimensional space (t, x) and its restriction to a line t = θx must be appropriately specified. In the appendix we show that 
where we have used that the integrand is an even function ofω and, as proved above, the vacuum spectral density vanishes for these values of θ. Next we use the relations (16) which remain valid in the thermal bath. Combined with (21) they imply ρ µ T ν (ω, k) = 0 for |k/ω| < v −1 max and (12) follows by unitarity.
Step 3. We now construct a sequence of local dimension-2 operators Φ n (ξ), such that
(22b) 6 We again omit the indices µ, ν. 7 Note that ρ T (ω, k) is related to the imaginary part of the retarded Green's function in the thermal state: 2 Im G ret T (ω, k) = (1 − e −ω/T )ρ T (ω, k).
